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In a previous paper (Jensen & Pedley 1989) a model was analysed describing the
effects of longitudinal wall tension and energy loss through flow separation on the
existence and nature of steady flow in a finite length of externally pressurized,
elastic-walled tube. The stability of these steady flows to small time-dependent
perturbations is now determined. A linear analysis shows that the tube may be
unstable to at least three different modes of oscillation, with frequencies in distinct
bands, depending on the governing parameters; neutral stability curves for each
mode are calculated. The motion of the separation point at a constriction in the tube
appears to play an important role in the mechanism of these oscillations. A weakly
nonlinear analysis is used to examine the instabilities in a neighbourhood of their
neutral curves and to investigate mode interactions. The existence of multiple
independent oscillations indicates that very complex dynamical behaviour may
occur.

1. Introduction

The self-excited oscillations which occur in externally pressurized collapsible tubes
are of interest both physiologically, for example as a possible source of the noises
heard when a cuff is inflated around the upper arm during sphygmomanometry — the
so-called ‘Korotkoff sounds’ — and fluid dynamically, where many questions
concerning the nature of three-dimensional, unsteady, separating flows must be
answered. These oscillations involve the interaction of a high-Reynolds-number
internal flow and the elastic tube walls: in the case of airways in the lung they
typically take the form of small-amplitude, high-frequency wall flutter causing
wheezing ; for tubes in which the fluid inertia is much greater than the wall inertia
(such as blood vessels), they may involve larger, lower-frequency variations of
pressures, flow rates and the tube cross-sectional area. In many experiments designed
to mimic physiological systems (Conrad 1969; Brower & Scholten 1975; Bonis &
Ribreau 1978; Bertram, Raymond & Pedley 1990a,b), in which a segment of
collapsible tube is mounted between two rigid tubes and is enclosed in a pressurized
chamber (see figure 1), a remarkable variety of unsteady behaviour has been
observed even using steady controlling parameters. Bertram et al. (1990a, b) describe
features typical of a complex dynamical system: many oscillations were highly
nonlinear; often the transitions between different oscillatory regimes displayed
hysteresis ; unsteady behaviour could be extremely sensitive to small variations in
the governing parameters; and the behaviour frequently appeared to be chaotic,
although it was not possible to confirm this conclusively from Bertram’s data. It is
therefore desirable to provide a relatively simple mathematical description of this
experiment, with a view to obtaining an improved understanding of the mechanism
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FiaUre 1. The conventional experimental apparatus: an elastic tube of non-dimensional length A
and cross-sectional area a(z,f) is mounted between two rigid tubes and is enclosed in a pressurized
chamber. The externally controlled parameters are the chamber pressure p,, the upstream reservoir
pressure p, and the resistances 7,7, and inertances A, A, of the upstream and downstream rigid
tubes; the system is open to the atmosphere downstream.

of at least some of the oscillations, and also to develop a picture of the detailed
bifurcation structure of the system.

The model that will be used in this paper is based upon that devised by Cancelli
& Pedley (1985, hereinafter referred to as 1), which is a one-dimensional description
of the flow in a finite length of collapsible tube in which the tube elasticity is
described by a simple ‘tube law’, relating the non-dimensional tube cross-sectional
area a(x,t) (see figure 1) to the transmural pressure (the internal pressure p(z,t)
minus the external chamber pressure p,), coupled with a description of longitudinal
tension (see below). The important features of such a model were described in I, but
are summarized again here. (i) It takes account of the energy loss associated with a
gradually broadening jet which is formed (at high Reynolds numbers) downstream
of a constriction in the tube: such losses were found to be necessary to predict self-
excited oscillations in the ‘lumped-parameter’ models such as that of Bertram &
Pedley (1982). (ii) It describes the influence of the upstream and downstream rigid
tubes (see figure 1): experimentally these have been shown to have a very significant
effect on unsteady behaviour (Conrad 1969 ; Bertram et al. 1990a); again this was
predicted by the lumped-parameter models. (iii) Since it is a one-dimensional model
(which the lumped-parameter models are not), it describes elastic wave propagation.
The importance of this effect was demonstrated by experiments such as those by
Brower & Scholten (1975), who found that instability occurred as soon as the flow
‘choked’; they associated the loss of steady flow with the flow speed u(x, t) at some
point along the tube exceeding the speed ¢(z, ) of small-amplitude pressure waves in
the tube wall.

A fundamental feature of the model in I is the description of constant longitudinal
wall tension, which makes pressure waves propagate dispersively. Jensen & Pedley
(1989, hereinafter referred to as I1) showed that the presence of tension in steady
flows in which there is no energy loss allows choking, with the disappearance of
steady solutions, not precisely when # > ¢ but rather at some flow rate which also
depends on the degree of longitudinal tension and on the tube length. It was also
shown in II that the introduction of a model of energy loss through flow separation
has a profound effect on the nature of steady solutions: choking no longer occurs, and
a steady flow exists for all flow rates. Using the steady solutions predicted by this
model, the relation between the pressure drop down the tube and the flow rate was
calculated, and qualitatively this compared well with experiment.

The success of the model used in 11 in describing steady, separated flows suggests
that it will also describe a number of the important characteristics of unsteady flows.
(Of course with a one-dimensional model it will not be possible to describe wall
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flutter, for example.) Therefore the effect of introducing infinitesimally small, time-
dependent perturbations to the solutions calculated in II will be considered, to
determine the linear stability of these steady flows. It will be found that the tube is
unstable to a number of different modes of oscillation, depending on the tube
geometry and the governing parameters. A weakly nonlinear analysis will be used to
describe first how small-amplitude oscillations develop as a single parameter is varied
and a steady solution becomes unstable, and secondly how two independent modes
of oscillation interact with one another at particular points in a two-dimensional
parameter space.

This largely mathematical approach is complementary to the numerical study in
I, as it allows a much broader range of parameter space to be examined. The
calculations in this paper and those in I also differ in another important respect: the
location of the separation point. Self-excited oscillations will be shown to arise if it
is assumed, for example, that separation always occurs where the tube area is
minimum. In I, on the other hand, it was possible to obtain large-scale (and
presumably experimentally significant) oscillations only if the separation point was
assumed to move hysteretically in response to a changing adverse pressure gradient
just beyond the constriction. A mechanism (first proposed in I) will be described that
demonstrates how motion of the separation point influences unsteady behaviour,
while showing that hysteresis is not an essential part of this process.

There have been other numerical studies analysing different models of unsteady
flow in collapsible tubes. Following the approach of I, but including variation of
longitudinal tension with time, Matsuzaki & Matsumoto (1989) found complicated
unsteady solutions of the governing equations. However, the analysis presented here
suggests that this additional factor is not a prerequisite for complex behaviour.
Walsh, Sullivan & Hansen (1988) used a Lagrangian formulation of the mechanics of
an elastic membrane, and included the effects of wall inertia, to describe flow in a
one-dimensional model of the trachea. Although they ignored all dissipative effects,
they were able to obtain flutter-like oscillations; these appear to arise through a
coupling between transverse and longitudinal strain.

With the exception of other flutter studies, few authors have performed linear
stability calculations. In I, a finite-difference scheme was used to determine the
stability of some steady solutions, but the findings were dependent on the type of
differencing used. This difficulty will be avoided by the use of a shooting technique.
Reyn (1988) considered the stability of an idealized steady flow (a uniform
cylindrical elastic tube mounted in the conventional apparatus), but he neglected to
incorporate any energy loss or longitudinal wall-tension in his model. Thus he could
examine only subcritical flow (u < ¢), finding that it is linearly stable whenever there
is non-zero damping in the rigid parts of the system. The conclusions of this study
will be much more general in that it is not restricted to an artificial steady flow or
to a small range of flow rates.

The model and the steady flows it predicts are briefly reviewed in §2, and the linear
stability analysis of these steady solutions is presented in §3. The weakly nonlinear
analysis in §4 is extended in §5 to examine mode interactions at codimension-2
bifurcation points in parameter space. It is demonstrated in the final section (§6) that
the linear and weakly nonlinear theories describe many of the significant features of
the experiments of Bertram et al. (1990a, b) with reasonable qualitative accuracy. In
Appendix A, an explanation is offered of the large regions of unattainable parameter
space observed by Bertram et al. (1990b) in terms of a static bifurcation of the steady
solutions. A more complete description of fully nonlinear and perhaps chaotic
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behaviour (such as the interaction of three independent oscillations) must await
further numerical investigations.

2. An outline of the model and its steady solutions

The elastic properties of the tube are described using a ‘tube law’, which relates
the transmural pressure to the tube’s non-dimensional cross-sectional area a(x,t). In
the absence of longitudinal tension, a good approximation for a uniform tube
(Shapiro 1977) is
1—a? if a<1

ka—1) if a>1; (2.1)

p—pe=Pa)= {
pressure has been non-dimensionalized with the wall bending stiffness K ,. The tube
has an unstressed circular cross-section when a = 1; for positive transmural pressure
it maintains a circular shape but has very low compliance (& is some large constant,
which is taken in these calculations to equal 45, the value corresponding to the
experiments of Bertram et al. 1990a, b). As the transmural pressure decreases below
zero the cross-section changes from a circular to an elliptical shape; then the opposite
walls come into contact so that when p—p, is very low only two very narrow
channels remain open.

Longitudinal tension in the tube wall is related to the transmural pressure through
the longitudinal wall curvature. Assuming first that the tube may be represented by
a pair of parallel flat membranes (McClurken et al. 1981), and secondly that « varies
slowly with the longitudinal coordinate x (see 1I), the effects of constant longitudinal
wall tension are approximated by modifying (2.1) as

P—Pe= g(a)_%azz‘ (22)

By incorporating the dimensional tension 7' into a lengthscale I = (D, T/K p)%, where
D, is the diameter of the tube, the non-dimensional tension has been set equal to 1.
This means that the parameter A, which is proportional to the dimensional tube
length, is also proportional to 7%,

Following the non-dimensionalization scheme of 1I, the mass and momentum
conservation equations for unsteady one-dimensional flow in a collapsible tube are

&y + (ua)z = O, (23)
U+ xuu, = —p,. (2.4)

(Time is scaled by L/c,, where ¢, is the wave speed K,/ p)t and p is the fluid density.)
u(x, t) is the axial velocity averaged over the cross-section. The effect of frictional
forces is assumed to be negligible: this is a reasonable assumption except when the
tube is severely collapsed along much of its length. The only dissipation in the
collapsible segment is represented by the factor y in the inertia term of (2.4), which
was introduced in I to describe the energy loss that occurs in the region downstream
of a constriction in the tube in which there is a gradually broadening, turbulent jet.
For a steady high-Reynolds-number flow it is reasonable to assume (as in IT) that the
jet separates at a point x = X which is coincident with X_, the point of minimum
area; this is, of course, also X,,, the point of maximum velocity and X,,, the point of
minimum pressure. Then it is assumed that

x¥=1 when O<x<X,} (2.5)

0<yxy<1 when X<zx<A
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Ficurs 2. Examples of steady tube shapes when the flow is fully attached, with P=1,A =1 and
k = 45 the subcritical solution (solid curve) and the supercritical solution (tightly dashed curve)
when @ = 1.1(<@,); the dilated solution when @ = 9.0 (>@,) (loosely dashed curve).

A parallel-sided jet in the downstream segment of the collapsible tube is represented
by x = 0 for X < x < A; for a fully attached flow with no energy loss, y = 1 for X <
x < A. In the calculations for separated flow y will be taken to be 0.2 beyond the
separation point, which allows partial, but not complete pressure recovery in this
region: although 0.2 is chosen arbitrarily, computations in I and the theory of 1T
suggest that its precise value is not qualitatively significant. In unsteady flow, it must
be remembered that X , X, and X, are not generally coincident, and the assumptions
either that X = X or that X = X, will be compared below. For the small-amplitude
oscillations considered in this paper, however, X, and X, remain sufficiently close to
one another for the choice of separation criterion not to have any significant
qualitative effect upon the results.
The boundary conditions for a typical experiment are that the tube is held open
at both ends, i.e.
(0,8) = (A, t) =1, (2.6)

and that the pressures at either end of the collapsible segment match those
determined by the upstream reservoir pressure p, (see figure 1), and the resistances
7, and inertances A, of the upstream (¢ = 1) and downstream (¢ = 2) rigid tubes:

p(0,t) = p, = p,—5u?(0,8) —y, u*(0, 1) — A, u,(0, ¢), (2.7)
P(A L) = Py = o uP(A, 1) + A, (AL 1) (2.8)

The subscript 0 will be used to denote the steady solutions a4(x), wu,(x) of
(2.2)—(2.8). It was shown in II that the natural way to parameterize such flows was
with the steady flow rate @ = u,a, (which arises immediately from 2.3) and the
downstream negative transmural pressure P = p,—p,; it will be assumed below that
P = 0. The steady solutions are described in the following two subsections.

2.1. Fully attached flow

If there is no energy dissipation within the tube (i.e. y =1 in (2.4) for 0 < x < A),
then p, = p, and (with the exception of some wave-like states which are of little
physical significance) all steady flows have a symmetric configuration, either
collapsed or dilated along the length of the tube, with « (x) taking its extremum
value 4, at = }A. Examples of the simplest states are shown in figure 2.

To describe the possible steady flows, consider fixing P = 1, say. The solutions may
be represented by plotting 4, as a function of @, as on figure 4 below. Bifurcations of
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FicurE 3. Examples of the steady solutions when the flow separates beyond a constriction (at
z = X,) in the tube, with P =8, A =1, y = 0.2 and k = 45: when @ = 0.5 (the solid curve) and
@ = 1.556 (the tightly dashed curve) the flow rates satisfy 0 < @ < Q,; when @ = 4.0(>@;) the
tube is dilated at its upstream end over the range 0 < z < ¥, (the loosely dashed curve).

these solutions occur at @ = 0, @.(P), @,(P) and Q,(P), where 0 < @, < @, < @,. For
0<Q <@, (@ =0¢,,P =1Ilies on the curve A = [, on figure 8 in II), two collapsed
solutions exist, represented by the solid and dashed curves in figure 4(a); examples
of the corresponding tube shapes are plotted in figure 2 as the solid and the tightly
dashed curves respectively. The less constricted state (the solid curve in figure 2) is
identified as ‘suberitical’, and the more constricted (the tightly dashed curve) as
‘supercritical’, although it is important to realize that in neither case is there a
simple relation between the flow speed and the propagation speed of pressure waves,
because the system is dispersive. The reason for this identification is that as @
increases the two solutions become more alike, until at ¢ = @, they are identical.
Thereafter they vanish, and there is a range of flow rates, @, < @ < Q,(Q = @,,
P = 1lies on the curve A = I in figure 8 of II), for which no steady solutions exist. A
numerical computation in I, following the behaviour of the tube from some arbitrary
initial condition, found that for a flow rate in this range the tube area decreases to
zero at some point along the tube in finite time, suggesting that complete collapse
such as this (‘ choking’) is inevitable across this range of flow rates. For ¢ > ¢, a new
pair of solutions arise with the tube dilated along its length, which are represented
on figure 4 (b) with a solid and a dashed curve. The latter only extends to @ =
@. (@ =@, P =1 lies on the curve A = I(B;) on figure 16 of II; this curve is also
plotted as @ = Q,(P) on figure 5b below), where other bifurcations to wave-like
solutions occur. An example of a dilated solution on the solid curve in figure 4 (b)
(when @ = 9) is shown as the loosely dashed curve in figure 2.

2.2. Separated flow

As above, the steady solutions in which there is energy loss through flow separation
(i.e. ¥ in (2.4) changes at the separation point according to (2.5)) are best described
by fixing P (at 8, say) and increasing @ from zero. Unlike the previous case, however,
a unique, separated solution with the tube collapsed at its downstream end exists for
all flow rates between zero and @, (P). Examples of this solution are plotted for three
values of @ in figure 3. For small ¢ (the solid curve in figure 3, for which ¢ = 0.5)
this solution resembles the ‘subcritical ’ solution of the fully attached case, having its
area minimum (the separation point in steady flow) near its midpoint. As ¢ increases,
this solution begins to bulge at its upstream end (e.g. the tightly dashed curve on
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figure 3) and the separation point X, moves downstream. When @ = Q;(P), where
0 < Q;(P) < @,(P)(Q =@y, P =8 lies on the curve A = I(4,) on figure 16 of II; the
curve @ = @;(P) is also plotted on figure 5b below), this bulge has grown such that
%,2(0) = 0; for @ > @; the tube is dilated for 0 < x < ¥, say, and collapsed for ¥, <
x < A. An example of such a state is plotted as the loosely dashed curve in figure 3,
for which @ = 4. The ‘jump point’ ¥, (shown on figure 3, so-called because the
gradient of the tube law (2.1) is discontinuous across it) moves downstream as the flow
rate rises, and approaches x = A as @ - @,. For larger flow rates the tube can switch
to a fully dilated state (by jumping onto the solid solution branch in figure 4b) in
which there is no energy loss. Note that the jump in the gradient of the tube law (2.1)
and in y (2.5) cause discontinuities in the third and fourth derivatives of ay(x) (and
u,(x)) at ¥, and X respectively.

A more global description of these steady, separated solutions is provided by figure
5(b) below. This is a map of the (¢, P)-plane in the case A =1, k = 45 and y = 0.2,
showing contours of the tube minimum area A4, (the tightly dashed curves), of the
position of the separation point X, (the loosely dashed curves) and two solid curves,
¢ = @Q;(P) (along which ¥, = 0) and @ = @,(P) (¥, = A). This figure will be considered
further in §3.5.

3. Linear stability theory

3.1. Formulation
In this section the stability of the steady solutions a,(x), uy(x) of (2.2)—(2.8) to small
time-dependent perturbations will be analysed. The tube area and fluid velocity may

be written as
a(x, t) = ay(x)+a'(x, 1), (3.1)

w(x, t) = ug(x)+u'(x, t). (3.2)

Substituting these expressions into (2.2)—(2.4), eliminating the pressure and removing
the time-independent terms which govern the steady solution leads to

o+ (Wag+uya), = —(Wa'),, (3:3)

U+ X (o W)+ (X P (@) — 070, = —3X(W2), — (327°P " (atg) +30°P (@) + . . )0
with boundary conditions (from (2.6)—(2.8)) G4
a’(0,t) =0, (3.5)
a'(A,t) =0, (3.6)
— 32220, ) + (3 +17,) 2u5(0) w'(0, £) + A, %(0, 8) = — (G +9,) w'(0, 1), (3.7
— 3052 (A, 8) =27, ug(A) W' (A, ) = A, wy (A, 1) = p, w(A, ). (3.8)

All the nonlinear terms have been taken to the right-hand sides of (3.3)—(3.8); they
will be neglected in the remainder of §3.

Recall that, if all energy losses are ignored, y = 1 in (3.4) along the length of the
tube. However, if the flow is assumed to separate, then because of the two
discontinuities inherent in the model — the jump in y (2.5) and in the gradient of the
tube law (2.1) — two internal boundary points must be considered explicitly: the
separation point X(t), which is assumed to be either the point of minimum area X, (t)
or the point of maximum velocity X, (t), so that either

a,(X,f)=0 or wu,X,t)=0; (3.9¢, b)
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and, if it exists, the jump point Y(f) at the downstream end of a bulge in the tube
where
a(Y,t) = 1. (3.10)

Equations (3.9 or b) and (3.10) can be used to calculate the perturbation of each
point about its steady position (X, or Y;) as a(z,t) varies according to (3.1). At each
point continuity of area, velocity and pressure must be ensured. So at the separation
point, for example, the first-order terms in the expansion of conditions such as
[a(x, )]EF = 0 are derived, which requires expansion first of a about its steady value
using (3.1), and then expansion of X about X,. Using either (3.9a) or (3.95), it is easily
shown that

[, o, &y, az,15F = 0. (3.11)

Accordingly the predictions of linear theory are independent of the choice of the
position of the separation point. The steady-state area has a discontinuous fourth
derivative at X, (see IT), and correspondingly the lowest discontinuous derivative of
a’ is the third, representing a jump in the perturbation pressure gradient. A similar
argument must be followed at the jump point, where consideration of the velocity
and area imply that

(v, o, al]pr, (3.12)

while to ensure that the pressure (2.2) is continuous, one must take
[P (og) — bt Tt = 0. (3.13)

Unfortunately when a,,(0) = 0 (i.e. €@ = @;(P)), the tube law in (3.4) cannot be used
consistently within linear theory, since perturbations ¥’ in the position of the jump
point are an order of magnitude greater than those in the tube area (and also depend
explicitly upon the sign of «,(0,t)). The following calculations are invalid in this
exceptional case.

When linearized, the perturbation equations (3.3) and (3.4) admit solutions with
separable space- and time-dependence, so solutions for which %' and a’ are both
proportional to "¢ can be sought. The stability of a steady solution is determined
by the corresponding eigenvalues (7, w). These have to be determined numerically, as
the coeflicients in the governing linearized equations (3.3) and (3.4) depend on z.

3.2. Numerical method

The governing equations may be reformulated as a set of ordinary differential

’

equations with four independent variables %', a’, a and a ., which are written as
Re (Z,(x) e § =1,2,3,4 respectively, where Re denotes real part. Then the
linearized versions of (3.3) and (3.4) become

Zl = —(aole+(7+iw+uoz) Z2+u0Z3)/a0’
22 = Z3)
Za - Z4,
(3.14)

Z,=2 ((T+iw+xu01—xu°aa°’) Z, +((.@’(a0))x—& (T+iw+ uoz)) Z,

0 &g
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and the linearized boundary conditions (3.5)—(3.8) may be rewritten as
By(r,0) Z(0) =0, (3.15)
By(7,0)Z(A) =0, (3.16)
where Z = (Z,,Z,,7Z,,Z,)" and

0 1 00
BU_(_(1+2771)“o(0)—(7+iw)/\1 0 0 %)’ (3.17)
0 1 00
BD_(2772uo(/\)+(1+ia))/\2 00 %)' (3.18)

Equation (3.11) tells us that Z is continuous across the separation point; the
discontinuity in Z, at the jump point given by (3.13) must also be considered.

A shooting technique is used to solve this linear, boundary-value eigenproblem.
The solution of (3.14)—(3.18) may be expressed as

Z=A4,Z0+4,Z® (3.19)

(4; and A, are complex), a combination of two linearly independent solutions Z'?,
J = 1,2, which both satisfy the upstream boundary conditions (3.15). For fixed @, P
and A (which define a steady state), (3.14) is integrated downstream for some (7, )
to find each of these solutions, and then the complex 2 x 2 matrix

D(1,0) = (Bp ZV(A), B, Z®(A)) (3.20)

is calculated. Now from (3.19) and (3.20),
BLZ(A) = B,y(A,ZYAN)+4,Z?()), (3.21)
=DA, (3.22)

where A4 = (4, 4,)*. Therefore (1, w) are eigenvalues of (3.14)—(3.18) provided that
the downstream boundary conditions (3.16) are satisfied, i.e. if, and only if, for non-
trivial A

d(r,w) = det (D) = 0. (3.23)

Therefore, by seeking the zeros of d over the complex plane, either by locating the
intersections of the loci of Re (d) = 0 and Im (d) = 0, or by locating the minima of
|d], the eigenvalues corresponding to a given steady solution may be determined.
An eigensolution is then computed by using as initial values Z(0) = 4, Z®(0)+
A,Z®(0), where A is an eigenvector satisfying DA =0; A may be arbitrarily
normalized since the problem is homogeneous.

A shooting method was chosen in order to avoid the inconsistencies between
different finite-difference schemes experienced in 1. Nevertheless, shooting has its
own difficulties, which arise in calculating d(7, w). For example, when shooting using
values of 7 and w which do not coincide with an eigenvalue (as is generally the case),
the components of Z grow very rapidly as x increases, and small errors are therefore
quickly magnified. This occurs increasingly for larger values of A, 7 and w.
Inaccuracies accumulate further when d is evaluated using (3.23), as this involves
calculating the relatively small difference of two large numbers. (Modifications of the
method, such as parallel shooting across small subsections of [0, A], fail to alleviate
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this problem.) Although d is generally well behaved across most of parameter space,
there are situations in which it is impossible to calculate eigenvalues with an
integration scheme of given tolerance and order. (In these calculations a fourth-order
Runge-Kutta scheme from the NAG numerical library was used with a relative error
tolerance of 107%.) For example, when  is near zero and P is large, so that the tube
is substantially collapsed over most of its length, the coefficients in (3.14) become
very large (e.g. 2'(a,) = 500 if o, = 0.098). If A = 1, for example, the method breaks
down at small flow rates (€ < 0.5) once P > 25.

The large number of parameters in the problem prohibit a very extensive
examination of parameter space. In all that follows a restricted but hopefully
representative domain will be considered: 5, =9, = A, = A, =1,k =45, y =02 and
A=1.

3.3. The distribution of eigenvalues

Since (3.14)—(3.18) is a one-dimensional boundary-value problem over a finite
domain, it has an infinite number of discrete eigenvalues; each associated
eigensolution has a wavelength which is determined by the length of the tube. The
eigenvalues arise either as complex-conjugate pairs or as pairs of real roots, and so
the eigenmode corresponding to the jth pair is labelled by its frequency w;,j = 0,1,
2,etc. Thusw, = 0, and in general w; & Oforj > 1. The numerical constraints described
above prevent examination of any modes higher than the fifth, but this is not too
severe a restriction : first, the low modes give an indication of how the higher modes
behave; secondly, the model is based upon a long-wavelength approximation, so it
cannot be expected to describe the shorter-wavelength perturbations accurately.

Let us begin the description of the distribution of eigenvalues in the complex plane
with a simple case: @ = 0 and P positive. With these parameter values, the steady
equations have a solution in which tube is collapsed symmetrically (such as the solid
curve in figure 2), the tube law and longitudinal wall tension together determining
its shape. (This solution lies on the branch of subecritical solutions, i.e. on the solid
curve on figure 4 (a); the supercritical solution at ¢ = 0 has zero minimum area (see
the dashed curve in figure 4a), and so infinitely negative internal pressure at its
midpoint, which is obviously unphysical.) With no flow through it, the elastic tube
behaves like a stretched string: all modes are neutrally stable standing waves. With
P =1, the eigenvalues 7;+iw;,j=0,1,2,..., all have zero real part, with o, =0,
0, =372, w,=1763, w,=4397, o, =83.28, etc. The dispersive influence of
longitudinal wall tension is responsible for the irregular distribution of eigenvalues
along the imaginary axis. The jth oscillatory mode has j half-wavelengths of area
perturbation over the length of the tube, with each half-wavelength in antiphase
with its neighbour. In what follows, the paths of these eigenvalues in the complex
plane will be traced as the flow rate is increased, considering first fully attached flow
(§3.4) and then separated flow (§3.5).

3.4. Fully attached flow

Consider holding P = 1 and increasing @ from zero. The steady solutions that exist
in this case are represented on the bifurcation diagrams in figure 4, in which
extremum area is plotted against flow rate. Recall from §2.1 that for 0 < @ < @.(P)
two distinet collapsed solutions exist, represented in figure 4(a). As ¢ grows from
zero each eigenvalue corresponding to the subcritical solution moves leftwards from
the imaginary axis. The (real) mode 0 eigenvalue moves from the origin down the
negative real axis, reverses direction and returns to the origin as @ —@,; the
remaining eigenvalues do not leave the left-hand half-plane. Thus the subcritical
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Ficure 4. Bifurcation diagrams representing typical steady solutions when the flow is fully
attached, obtained by plotting extremum tube area A, against flow rate @ for fixed values of
downstream pressure (P = 1) and tube length (A = 1): (a) two branches representing collapsed
solutions, the solid curve corresponding to the subcritical solution and the dashed to the
supercritical solution (cf. the solid and tightly dashed curves in figure 2); (b) two branches of
solutions with the tube dilated along its length, calculated with k& = 45; the solution with @ = 9 is
plotted on figure 2.

collapsed solution (represented by the solid curve in figure 44a) is neutrally stable
when @ =0 and @ = @,, and stable otherwise. On the other hand, the supercritical
collapsed solution (the dashed curve in figure 4a) is unstable for 0 < @ < @,, as a
positive real eigenvalue which originates from infinity moves in towards the origin
of the complex plane as @ increases from zero; it also reaches the origin as @ - @,. The
stable subcritical solution meets the unstable supercritical solution at the turning
point (Q = @,) in the bifurcation diagram in figure 4(a); this is a saddle-node
bifurcation. For @, < @ < @, no steady solutions exist, and then at @ = ¢, another
saddle-node bifurcation occurs as two dilated solutions appear, as shown in figure
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Fiaurs 5. The (@, P)-parameter plane in the case A =1,k =45, y =0.2and A, = A, =95, =9, = 1.
(a) The neutral curves corresponding to modes 2 (solid), 3 (tightly dashed) and 4 (loosely
dashed); the steady solution at a given point in the plane is linearly unstable to any one of these
modes if it lies above or within the corresponding neutral curve. The frequencies of the neutrally
stable oscillations are marked along each curve. Shown as solid lines in (b) are @ = Q,(P)
(separating steady solutions which are collapsed along their length from those dilated at their
upstream end) and @ = @,(P) (no steady collapsed solutions exist to the right of this curve).
Contours of constant A, (tube minimum area, tightly dashed curves) and constant X, (the
separation point, loosely dashed curves) are also marked.

4 (b). The eigenvalue distribution follows a similar pattern as before, with both
solutions being neutrally stable at the turning point; the shorter (dashed) branch of
solutions has an unstable mode 0 eigenvalue for @, < @ < @,, and is neutrally stable
again at ¢ = @,, while the longer (solid) branch of dilated solutions remains stable
as ¢ increases from the bifurcation point.
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3.5. Separated flow

As was described in §2.2, when there is energy loss in the tube through flow
separation, then for fixed downstream transmural pressure P > 0 a unique steady
solution exists for 0 < @ < @,(P). Once again the eigenvalues can be followed in the
complex (7, w)-plane as the flow rate is increased from zero for a fixed value of P.
When @ = 0 all the eigenvalues lie on the imaginary axis (see §3.3), and for small Q
these all move into the left-hand half-plane. A real eigenvalue (e.g. 7,) cannot become
positive for larger ¢, as a divergent bifurcation would imply the existence of a
second, steady solution of the governing equations, which is known not to exist. If
P is small (less than about 6.2 for the values of A, y, ete., considered here), then for
0 < @ < @,(P) all the eigenvalues with an imaginary part remain in the left-hand
half-plane also. Thus the steady solution remains stable for these values of Q and P.
If P is slightly larger, on the other hand (between about 6.2 and 12.4), then as @
increases from zero the mode-2 eigenvalue moves first from 7 = 0 into 7 < 0, and then
reverses direction and enters the right-hand half-plane. As it crosses the imaginary
axis (i.e. as 7, passes through 0), the steady state undergoes a Hopf bifurcation and
becomes unstable to a mode-2 oscillation with frequency w,. As @ increases further,
the mode-2 eigenvalue returns again to 7 < 0, and the steady state regains stability.
The boundary of the region of (@, P)-parameter space for which the steady state is
linearly unstable to a mode-2 oscillation (i.e. the locus 7, = 0) has been calculated for
P <100, and is plotted as the solid line in figure 5 (a).

For larger values of P, the eigenvalues corresponding to the third- and fourth-
order modes may also cross the imaginary axis for certain ranges of flow rate, making
the tube unstable to these higher-mode oscillations as well. The neutral stability
curves of these modes, the loci 7; = 0,j = 3,4 have also been plotted on figure 5 (a).
It is clear from figure 5(a) that the steady solutions are linearly stable for small ¢ or
small P. Notice that there are regions of parameter space in which as many as three
modes are unstable simultaneously. (Mode-5 instabilities were also identified for
large @ and P, but since w; is so large accurate calculation of 7, = 0 was not possible.)
On figure 5(a) the (dimensionless) frequency of the neutrally stable oscillations is
indicated at points along each neutral curve. Each mode oscillates in a distinct
frequency band: modes 2, 3, and 4 have frequencies in the range 10-25, 25-60 and
50-110 respectively.

The shape of the neutral curves is clearly influenced by the behaviour of the steady
solutions across (@, P)-space, which is represented in figure 5(b). The two solid lines
in this figure are @ = @;(P) and ¢ = @ (P). At points between these curves the tube
has a jump point ¥, somewhere along its length. Notice that the discontinuity in the
tube law manifests itself as discontinuities in the gradient of a neutral curve where
it intersects ¢ = @;(P); this is apparent as a bulge along the lower left portion of
T, = 0. The ‘kinks’ in 7, = 0 and 7, = 0 as each curve crosses ¢ = Q,(P) arise from a
combination of this discontinuity with the strong nonlinearity of the steady solution,
which is responsible for a similar kink (with @ < @,(P)) in the contour 4, = 0.1 in
figure 5(b).

3.6. The nature of the oscillations

The tightly dashed curve in figure 3 shows the steady tube shape «,(x) when P = 8
and ¢ = 1.556, a situation in which the tube is neutrally stable to a mode-2
oscillation. Notice that a,(x) shows a definite asymmetry; this is reflected in the
shape of the amplitudes of the perturbation area, velocity and pressure, which are
plotted as functions of z in figure 6. Notice also the discontinuous perturbation

21 FLM 220
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FicUre 6. The amplitudes of (a) the area, (b) the velocity and (c) the pressure of the marginally
stable mode-2 eigensolution of frequency w = 9.74, which exists when P = 8, ¢, = 1.556, and all

other parameters as in figure 5. The corresponding steady state is shown as the tightly dashed curve
in figure 3.

pressure gradient across the separation point X,. The two-humped shape of this
mode-2 oscillation is obvious. Whereas the neutrally stable mode-2 oscillation which
exists when @ = 0 is symmetric, with the two halves of the tube vibrating exactly out
of phase, in this case the phase of the eigensolution increases slightly along each half
of the tube, implying that the crests of the perturbations will move upstream.
The form of the oscillation may be visualized more clearly if the size of the
infinitesimal perturbation is exaggerated and is superimposed upon the steady state;
their sum is plotted as a function of space and time in figure 7. The oscillating path
of the separation point, taken here to be the point of minimum area, is indicated by
a wavy curve (which should of course be almost exactly straight). This figure is
presented to demonstrate the mechanism of self-excited oscillations proposed in §5.2
of I: as the separation point moves downstream, an increasing proportion of the flow
along - the tube becomes attached, and this results in a wave of high pressure
propagating downstream and a low-pressure wave moving upstream; the former is
reflected at the junction with the downstream rigid tube, forcing the area in the
downstream half of the collapsible tube to increase; this causes the constriction to
diminish and the separation point to move upstream. The reverse process then
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0 = T 1

Fiaurk 7. The area perturbation in figure 6 is artificially amplified and superimposed upon the
steady state, and then plotted as a function of space and time over two periods; the position of the
moving separation point X,(¢) is marked with a solid line.

begins, with a low-pressure wave moving downstream, ultimately causing the
separation point to move downstream once more.

This mechanism provides a possible explanation of the absence of any unstable
mode-1 oscillations. Since these are disturbances with only a single half-wavelength
along the length of the tube, the pressure and area gradients across the separation
point will generally be smaller than with higher modes. Longitudinal motion of X will
thus be smaller, and hence mode-1 perturbations will not be capable of drawing
sufficient energy from the flow to become unstable.

4, Weakly nonlinear analysis

It was shown in §3.5 that if the flow in the tube separates, then for suitable
parameter values a Hopf bifurcation occurs as either the flow rate @, or the
downstream transmural pressure P, is varied through some point (¢,, F,) on a neutral
curve corresponding to mode j,j = 2,3,4. In this section the nonlinear terms of
(3.3)—(3.8) will be used to determine whether such a bifurcation is sub- or
supercritical.

Consider a vector in the (@, P)-plane which passes through (¢,, F,); for the moment
its direction is assumed to be arbitrary. To determine the nature of the mode-j
oscillation at points a small distance u—py, along this vector from (Q,,F;), the
following expansions are made in powers of a small quantity ¢ (a measure of the
amplitude of the perturbation) of the conventional Stuart—Watson type:

: b= o+ €y + O(e?), (4.1)
# (1) = e(¢1(x>A<T> eent 4 ¢.c.)
(¢22(x) ( T)e*“nt +c.c. +y(x) [A(T) )
+ €3 (@,5(x) A3(T) ¥9n’ + @, (x) L (T) e!“r’ +c.c.) + O(e?), 4.2)
where ¢’ = (', u")T (see (3.1) and (3.2)) and the functions ¢, = («,, u,)T, ¢ = 1,22, 20,
ete., are to be calculated. An overbar will be used to denote complex conjugate (c.c.).
;o is the frequency of the linear mode-j oscillation at (@,, F,). A(T) is an O(1) complex

function of a slow time 7' = €%, its real and imaginary parts represent slow temporal
variations in the amplitude and phase of the perturbation; &/ (7) depends on 4 and

21-2
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|A|2A. ¢, is the neutrally stable fundamental eigensolution (calculated in §3), @,
represents a distortion to the mean flow generated by quadratic nonlinearities, @,,
and @,, are harmonics of the fundamental perturbation, and ¢,, is a distortion of this
fundamental.

In varying @ or P near the bifurcation point according to (4.1), the steady solution
changes from oy (x; py) = &y(x) (a tilde will denote that a quantity is to be evaluated

at p = p,) to

ay(x; p) = Go(x) + €2y & (%) + O(€7), (4.3)
. 0
where & (1) = a‘;" (T; o) (4.4)

etc. For completeness a steady, separated solution will be considered in which the
tube is dilated at its upstream end and collapsed downstream (e.g. the loosely dashed
curve in figure 3), so that it has a jump point ¥, and a separation point X, (see §2.2);
it is an elementary matter to apply this dlscussmn to the simpler case.

Substituting (4.1)—(4.3) into the nonlinear equations for time-dependent per-
turbations to steady flow (3.3)—(3.8), a succession of boundary-value problems are
recovered at increasing orders in €. These will be complicated by the jump conditions:
the steady-state area d,(z) has discontinuities in its third and fourth z-derivatives at
¥, and X, respectively, and these have an increasing influence on the lower
derlvatlves of the perturbations at higher orders in €. In addition, the O(e?) and O(e?)
perturbations depend on whether the separation point is chosen to be the point of
minimum area or of maximum velocity. Results will be presented for each case. The
details of the jump conditions are given in Appendix B.

At O(e), two sets of equations are obtained, one the complex conjugate of the other,
each equivalent to the original linear stability problem that was the subject of §3.
This system of equations may be represented succinctly as

(L—iw, 1), = 0,

B, (iw;0) ¢, = B, (iwy) ¢, =0, (4.5)
Jo, =S¢, =0,
where | is the identity matrix. The linear differential operator L (from (3.3) and (3.4))

is written as

— 0, (- ) —3,(%)
L= 2\ Uy z\¥"0 4,
(‘az(gi(d )')+lazzz aI( Uy ) ( 6)
and the boundary condition operators (from (3.5)-(3.8)) are
1 0
. _ , 47
oliwy,) (_% » (1+27;1)a0(0)+1wj0/\1) (4.7)
1 0
g ) _ , 48
(i) (_%au _27]217,0(/\)—1w,-0/12) (4.8)

J and S (in 4.5) refer to the jump conditions at x = ¥, and # = X, which were shown
n (3.11)—(3.13) to be respectively

u, Pt Uy X+
a a
Jg, = ! , S¢,=| " (4.9)
! alz ! alz
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At second order in ¢, three boundary-value problems emerge. First, taking all the
terms proportional to A%e*“n’ gives

) _ (uy04),
b= (o 15 )
' 0
Bo(2leo) ¢22 = (_(%.{.1}1)'&(3(0)), o
. 0
B, (2iw,,) ¢y = (”2 uf(/\)>' )

Note how the quadratic forcing terms on the right-hand sides of (4.10) match the
right-hand sides of (3.3)—(3.8). The corresponding nonlinear jump perturbations, J¢,,
and S¢,,, are given in Appendix B. The second set of equations, those terms
proportional to A2e~2“n!  is simply the complex conjugate of those above. The third
set consists of real functions, which arise from taking all terms proportional to [A[2:

_ (u, &+, @), )
L = (x(ul @)+ (@ &19’"(&0»,)’
0
Bo(0) 60 = (—(1+2m>u1<0ml(0>)’ (@.11)
0
B’\(O)¢2o - (2772 ul(/\)al(/\)). J

Jé,, and S¢,, are given in Appendix B. Now from the linear stability calculations it
is known that in general the homogeneous problem
(L—i2N¢ =0, B (i2)¢=0, B,(i2)¢=0, J¢g=S¢=0 (4.12)

has a non-trivial solution only when 2 = w,,. (The exceptional case, when two modes
become unstable simultaneously, will be examined in §5.) Thus each of the
inhomogeneous boundary-value problems (4.10) and (4.11) has a unique solution.
These can be calculated with a shooting method similar to that described in §3.2: ¢,,
and ¢,, are expressed as the sum of an arbitrary inhomogeneous solution (satisfying
the inhomogeneous upstream boundary and jump conditions) and a suitable linear
combination of Z, and Z, (see 3.19), chosen such that the sum satisfies the
inhomogeneous downstream boundary conditions.

At O(€®) two further boundary value problems are obtained. Only one of these need
be considered, however. Taking all terms proportional to e»‘, one finds

(L—iy ) gy, o = (2)‘

B(iwy,) @y, A = (C(; ), (4.13)

- 0
B)(iw;) ¢, A = (Gz)' )

The components of F are determined from the nonlinear terms in (3.3) and (3.4):
Fy = ((uy 099+ 0ty Ugg + Ty 0oy + T, uyp) A|A*+ (do,,;ul +,, ,2,) pod)ta Ap,
Fy = (3(uy g+ Ty s+ (P (Fg) (0 g0+ &y @) +3P " (&) 21 7,),) AIA? (4.14)
+ (X (i, , uy), + (P (&) Gy, 1)) o A +uy A
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the inhomogeneous contributions to the boundary conditions (from (3.5)—(3.8)) are
Gy = —[(1+29,) ((%y Uy + T, Uy5) AJA* +u, ?ZO,F/L2A)+/\1u1AT]z=0,} @.15)
Gy = [295((uy Ugg + Ty Ugy) A|AP +uy Ty o A)+ Ay uy Ap],i;

J@,, o and S¢,, o are given in Appendix B.

To ensure that the forcing terms in (4.14) and (4.15) give rise to an O(1)
eigensolution, so that the expansion (4.2) remains uniformly asymptotic for 7' =
O(1), these inhomogeneous terms must satisfy a solvability condition. This is
obtained by calculating the eigensolution ¢' of the adjoint operator L'; the details of
this procedure are described in Appendix C. Using the inner product (-} defined by
(C 1), the adjoint eigensolution is defined so that the boundary and jump condition
terms vanish in

(#', L8, = (L1¢', 6>+ [RI— [R5 — R, (4.16)

where R(#', ¢,) is a quadratic function related to L (see C 5). Now (4.13) will have a
bounded solution provided ¢' is also adjoint to @,,, i.e. provided (4.16) is satisfied
with all the inhomogeneous terms in (4.13) substituted:

(#".F) = A (R — BT —[RI7). (4.17)

This equation may be shown to reduce to an equation for the complex amplitude
A(D),
HyA;,=—H,p,A—H,APA (4.18)

(recall that p, is the independent bifurcation parameter given in (4.1)), where the
coefficients H,, H, and H, are derived from boundary conditions and integrals
involving the first-order eigensolution, its adjoint and the solutions of the second-
order boundary-value problems. Expressions for these coefficients are presented in
Appendix D; note that substantial contributions arise from the jump and separation
points. Using (D 1) and (D 2),

Hy=Hy(¢'.¢,), H, =H,\8" ;0 (4.19)
and H, = H,(¢'. 4., 9,), (4.20)

where the product terms in (D 3) are given by
{uy, vy} = Uy Voo + Ty Vg, } @21
[y, vy, w,] = (uy v, Dy +u, Uy W, + %, vy wy).

There is a substantial amount of algebra and computation required in the
evaluation of these coefficients. While there is no simple way to confirm the accuracy
of the calculated values of H, (short of numerical solution of (2.3) and (2.4)), there
is fortunately a simple check on the accuracy of H, and H, since the linear term in
(4.18) is related to quantities that can be calculated independently using the results
of §3, as the following heuristic argument shows. In the expansion (4.2) the time-
dependent part of the mode-j linear eigensolution e‘s“?¢ has effectively been
replaced by A(T)eln’. If one writes A(T) = r(T)e!*™?, then r(T) ~ €7 and 6(T) =
(w;—wyo) . Now since from (4.1) u = p,+€*u,, 7,(u) and w,() may be expanded as

dr dw
7; X € (-a;’) Uy ) R ot (_d_,uj) Mo, (4.22)
0 0
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where the subscript 0 denotes evaluation at 4 = g, so that

dr dw
r(T) = ex ((——1) T), (T ~ (—1> T, (4.23
P d/t 0/“‘2 ) d/t 0/“‘2 )
and so from (4.18) at leading order

H, (irl .dw)
- +i—2]. (4.24
H, dp ~dp/, )

Since the choice of the direction of the vector parameterized by u is arbitrary, it may
be chosen to be tangent to the neutral curve at (@,,F;). The eigenvalue 7,+iw,
corresponding to parameter values along this vector follows a path which is
tangential to the imaginary axis, i.e. d7;/du vanishes when u = 4,, and from (4.24)
the real part of H,/H, vanishes there also. This and similar checks have been
confirmed.

Suppose now that x is normal to the neutral curve, passing into the (Q, P)-domain
in which mode j is unstable, so that dr,/du > 0. Then defining z = —Re (H,/H) u,,
the real part of (4.18) may be written

F = gr—Ir®, (4.25)

a standard normal form equation for a Hopf bifurcation, where ! (the Landau
constant) is the real part of H,/H,. If I > 0 then the bifurcation is supercritical, and
as JI increases the steady solution becomes unstable to a stable mode-j oscillation of
non-zero amplitude. Otherwise, if [ < 0 then the linearly stable steady solution in the
neighbourhood of the neutral point coexists with an unstable nonlinear oscillation,
and the bifurcation is sub-critical.

The Landau constant in (4.25) has been calculated along the neutral curves of
modes 2 and 3 for P < 30; it is not possible to calculate [ either for larger values of
P or for those modes with higher frequencies, because of the limited accuracy of the
numerical solutions of the linear stability problem. The sign of  (calculated assuming
X = X,)isindicated in figure 8 (a), where the mode-2 and -3 neutral curves have been
plotted with solid lines if / is positive and dotted lines if [ is negative ; the variation
of I along each neutral curve is shown in more detail by the solid lines in figures 8 (b)
and 8 (c) for modes 2 and 3 respectively. The dotted curves in these two graphs show
the corresponding values of ! calculated assuming that the separation point is the
point of maximum velocity X,. Clearly the predictions of the weakly nonlinear
theory are not strongly dependent on the assumed position of the separation point.
Of far greater significance is the form of the model tube law (2.1). Recall that the
linear stability calculations are not valid at those points where the neutral curves
intersect ¢ = @;(P) (marked as 4, B and C on figure 8), and across such points the
neutral curves have discontinuities in gradient and curvature. Similarly, ! has jumps
in gradient and curvature, although over a much more rapid scale. This behaviour
is an artefact of the tube law, and [ is therefore unlikely to be physically meaningful
in neighbourhoods of these points.

Elsewhere, however, both modes arise predominantly through supercritical Hopf
bifurcations, although each has a region of subcritical behaviour near the point (ii)
on figure 8(a) where the two neutral curves intersect. Where the bifurcation is
supercritical the neutral curve bounds a domain of parameter space in which the
steady state is stable to linear and weakly nonlinear perturbations. Where it is
subcritical, hysteresis between the stable steady state and a stable nonlinear
oscillation can in general be anticipated. To determine whether oscillations develop



642 0. E. Jensen

B S S IO SO S G S S (USRS W SN S WA S T RS S HY SR SH S S SR

0 10 15
Q
b

= 8 (b)
S
]
8
Y 4
2
=
=
B
- 0 P
DN
3
g\
o v
Z -4 (i)

15 - ©
= L
N
[7Z)
§ 10:—'
5 . F
TOSEOALL emm—
5 N\t T e,
o | "
> 0 N N . . 1 . A . | i Isepasrcaccc A i PRSI | P N i
3t U 1 ] 1.0
2—5-._ \ll) @) 3

Fiaure 8. (2) Two neutral curves from figure 5 are plotted showing the regions in which oscillations
arise sub- (dotted lines) or supercritically (solid lines) as the steady state becomes unstable to
modes 2 or 3. Points along each neutral curve are parameterized by variables s, and s, (s, =8, =0
when P = 30 and @ is small, and s, = s; =1 when P = 30 and @ is large), and the mode-2 and
mode-3 Landau constants are plotted as functions of each in (b) and (c) respectively. The solid lines
in (b) and (c) correspond to X = X_, the dotted lines to X = X . 4, B and C mark the points of
intersection of the neutral curves and @ = Q,(P). (i) and (ii) label the points of intersection of the
two neutral curves.

sub- or supercritically at the points at which / = 0 requires fifth-order terms in (4.25),
which is beyond the scope of this study. However, these calculations now provide the
foundation for the study of mode interactions, which is pursued below.

5. Mode interactions: a double Hopf bifurcation

The neutral curves of two different modes may cross at particular points in the (@,
P)-plane (e.g. points (i) and (ii) in figure 8a). These are codimension-2 bifurcation
points at which two Hopf bifurcations occur simultaneously, and provide a valuable
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opportunity for analytical treatment of the local dynamics. Of course only a small
number of such points can be examined, and the results will be dependent on the
parameter values chosen. It is hoped, however, they will provide a good flavour of
more global dynamical behaviour.

Let (Q,,F,) be a point at which modes 2 and 3, say, become unstable. Two non-
parallel vectors in (¢, P)-space may be chosen which both pass through this
bifurcation point, and let 4 —u, and v—v, be the distance along each from (@Q,, F,).
Then expansions similar to (4.1) and (4.2) can be made:

p= po+Ep,+ O(€%), (5.1)
p = v+ €, + O(€%), (5.2)
@' (x,t) = e(Ay(T) {2 () €'t + A ,(T) P () elst +c.c.)

¢(2) 2im2t+A2 ¢(3) e?lvil | ¢ .
e ( Tt oo+ A P )
+A2A3¢(2+) 1wy +wy) t +A2Z3 ¢(2 ) 1(m2—w3)t+c.c'

+&3(Ay(T) §2) () €12 + ALy (T) §Q () €' + c.c. and additional terms)
+0(eY). (5.3)

As before ¢ = (', 4)T and w,,w, are the frequencies of the two modes at the
bifurcation point. The analysis that follows requires that the two frequencies are not
strongly resonant, i.e. that they satisfy

mw,+nwy; £0 for m,n=0,1,2,3. (5.4)

As each frequency is the root of some highly nonlinear equation, (5.4) is almost
invariably satisfied, especially to within the bounds of numerical error. (However,
with many independent parameters in this problem apart from @ and P, a resonant
bifurcation can undoubtedly be obtained.) 4;,j = 2,3, are complex functions of a
slow time T = €%, and & (T) depends on A,, |4,°4; and [4,?4,. In varying the
parameters around the bifurcation point the steady solution is also perturbed, as in
(4.3):

(x5, v) = o) + €31y &g, (@) + vy &y (2)) + O(€*). (5.5)

These expansions are substituted into the nonlinear equations (3.3)—(3.8) governing
perturbations to steady flow, and a sequence of linear equations is recovered at
increasing powers of ¢, following the pattern of §4. The equations for the
eigensolutions ¢{”, ¢, @41, j = 2, 3, follow 1mmed1ately from (4.5), (4.10) and (4.11)
respectively, and the adjoint elgensolutlons ¢ 1,5 =1,2, are calculated as before
using Appendix C. However, at second order in e, provided the non-resonance
conditions (5.4) are satisfied, two additional inhomogeneous boundary-value
problems arise: the terms proportional to 4, 4,e'“:t*d¢ give

(2) (3)+ (3) 4 (2) \
(L—i(w,+ w,)l) ¢5P _( ("o ™ e )(& )))

(WPuU®), + (@Pa®P”

B,(i(w, + w,)) #5P =( (1+279,) u<2>(0 w{®(0

( 0
27, ugz)(/‘

Bz\(i(wz +iwy)) §+) =

) um)); )
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and those proportional to 4,4, e ¢ give

) ~ uPa® + 7P a?),
(L—i(w,—w,)h) é)=(X( (z)—(a)) +(PaP P (a,)), W

Bo(i(wz""wa)) ;—)=( (1+2,,7 u(z) -—(3) )

. . 0
Bili(y—iu,)) 45 "(%wiﬁ’(l)aﬁ“’m)'

J

In each case the discontinuities in the eigensolutions at X, and ¥, may be determined
using Appendix B, and (5.6) and (5.7) are solved in the usual way.

At O(e®), taking terms proportional to es?,j = 2, 3, two boundary-value problems
are obtained for ¢{) /. These are of the form (4.13) but with inhomogeneous terms
(labelled by j = 2, 3) given by

F(lj) = (({uy, oo} +{ory, uy}) Alejlz ([wy, ag] + [y, ,]) AjIAk|2
+ ((‘io,,“”'z +d, ,v,) ud + (i, albat iy, ,Vs) lej))A ), +a{? A,

Féj) = (x{uy, U}, + (P (&) oy, 2o} + 1@”’((7_0) a(j)‘la(j) JlAle (5.8)
+ (x[uy, g], + (P (&) [@y, 2p] + P (&) PP a?), lelc|2

+ (X(("zO,,,,uz + iy s V) uf), + ('@”(&0)(&0,[&/[’2 +d,, Vz) 0‘1”)3:) Aj + ugj)AjT’
and

GY = —[(1+29,) (fu;, uy} A1|A1|2 +[u,, u2]AJ|AIc|2 +u{? (’ﬁo,,‘/"z +1y,,v2)4))

+ A, uiP Ay, o
G = [295({uy, ug} AA P + [y, up | A A2 +ulP (i, gy + T, v5) 4y)
+A,u{P 4,7,
In (5.8) and (5.9) k = 2 when j = 3, k = 3 when j =2, and
{uy, v} = uPoP + @ v,
(5.10)

wPo® + 4@ + A if j=2
[0 92) = @0@ 4 450 1 a®ol® i = 3.

Jump conditions are again obtained from Appendix B.

It is from this set of equations that a pair of coupled amplitude equations can be
derived. Following the same procedure as in §4, the adjoint eigensolutions are
combined with the inhomogeneous equations for ¢{).s,j = 2,3, to obtain two
solvability conditions. These reduce to

H((f)AzT = (Hﬁ) Ko +H(2) Vz)Az_H?)lAzPAz _H:(’.2)|A3|2A2,} (5.11)

Hf)s)AaT == (Hﬁ) Ha +H(1? vy) A, "H§;3)|A2|2A3_H(23)|A3|2A3

(cf. (4.18)), where the coefficients may be expressed in terms of the functions given
in Appendix D. Thus for j = 2,3,

H = Hy(¢§D, ¢), }

- (5.12
HY = H,(@", ¢ 1 )
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and HY = H,(¢'"', ¢,,4,) where the products in (D 3) are

{ul’ UZ} = u(lj)vglj)) +’)2(11)U(212), } (5 13)
[y, vy, w,] = (WPPP TP + uPTPw + FPrPwP),
while H{® = H,(¢'", ,,4,) with
= {08 T Ay i =2
1: Y2 u§3)v(220) +ug2)g(2‘) +a(l2)v;+) if .7 . 3,
(5.14)

(w1, 91, 0,] = (uP2PulP +uP 5w + 7 Po Pl
U D GE 4 4T D 4 gEyE ),

where k=3ifj=2and k=2 if j=3.

If the vectors parameterized by g and v are chosen such that the u-vector is
tangential to the mode-3 neutral curve at (§,, F,) and the v-vector is tangential to
the mode-2 curve, then the real parts of the terms H{) and H{ vanish (see (4.24)).
Therefore if 7,(T) is the amplitude of 4,(7T),j = 2,3, (5.11) simplifies to

s 2 2
Py = Ta(fa+ Ao 73+ Ay Ta)’}

. _ (5.15
Fo = T3(flg+ a5, 75 +a3575), )

where g and v have been rescaled to %, and /i, respectively to absorb the non-zero
growth rates, and a,, = — Re (H» /H®), ete. Finally each amplitude may be rescaled
to simplify (5.15) further, by setting 7, = r,/|aylf, 7y = r5/|aglt, b = ag5/lag,|, ¢ =
a5 /lay,| and d = +1 according to the sign of a,;. Dropping the bars, this leaves

Ty = To(lty +73+073), }

5.16
g = (s +cra+drl). (5.16)

(The coefficient of 72 in the first of these equations may always be made positive by
reversing the sense of 7.) A complete classification of solutions of (5.16) depending
on the relative values of b, c and d is given in § 7.5 of Guckenheimer & Holmes (1986),
following Takens (1974).

The unsteady behaviour of the tube in the vicinity of a codimension-2 bifurcation
point may now be analysed. There are two instances in which it has been possible to
obtain reliable numerical estimates of the coefficients in (5.16), namely the two
intersection points of the mode-2 and mode-3 neutral curves with P < 30, shown in
figure 8(a).

Consider first the point marked (i) on figure 8 (@), with @, = 9.60, P, = 12.55, where
the mode-2 and -3 oscillations have frequencies 10.18 and 39.55 respectively. Taking
the separation point to be the point of minimum area (the results are not
qualitatively altered if X = X,), one finds that (5.16) becomes

o = 75(ly —r§—5.02r§),}

5.17
Ty = 14(ts —0.11753—72). (6.17)

A reversal of the sense of T shows this to be type Ia in the Guckenheimer & Holmes
(1986) classification. Figure 9(b) shows the steady state at this point, and the two
neutrally stable area perturbation amplitudes are plotted in figure 9(c). The
asymmetry of the tube clearly influences the shape of the eigensolutions, so that they
are both much alike across the collapsed neck at the downstream end of the tube but
differ in wavelength across the dilated section further upstream. Representing
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FIraure 9. The double Hopf bifurcation point at @ = 9.60, P = 12.55: the mode-2 and mode-3
interactions in a neighbourhood of the point of intersection of the two neutral curves are shown
schematically in (a); r, and r, are the slowly varying amplitudes of the mode-2 and mode-3
perturbations. The steady state at the bifurcation point is shown in (b), and the two perturbation
area amplitudes are plotted in (c).

golutions of (5.17) as trajectories in the (r,, 7;)-plane, the structure of the phase space
in the neighbourhood of (@,,F,) is shown schematically in figure 9(a). The origin
corresponds to the steady solution, and a non-trivial fixed point on the r, (r,)-axis
corresponds to a mode 2(3) oscillation with frequency w, (w;). Such points arise
through pitchfork bifurcations in (r,, r,)-space, which are equivalent to the original
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Ficure 10. The double Hopf bifurcation point at @ = 1.48, P = 28.16 (cf. figure 9).

Hopf bifurcations in the phase space S of solutions of the governing equations
(2.2)—(2.8). Since both the mode-2 and the mode-3 oscillations arise supercritically,
the fixed points on each axis are stable. Additional supercritical pitchfork
bifurcations in (r,,r,)-space (corresponding to Hopf bifurcations of the periodic
orbits in S) occur across the two lines u, = u,/b, where b = 5.02, and g, = cu,, where
¢ = 0.11 (see figure 9a), as a further fixed point with non-zero r, and r, appears and
then vanishes. This fixed point represents stable quasi-periodic motion with two
incommensurate frequencies, i.e. trajectories in S cover the surface of a 2-torus. Such
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behaviour should be observable within a wedge of (@, P)-parameter space adjacent
to the codimension-2 point; the two pitchfork lines in figure 9(a) are the tangents of
this wedge at the bifurcation point.

The other codimension-2 bifurcation to be examined has ¢, = 1.48 and F, = 28.16,
and is point (ii) on figure 8 (a). The calculated values of the coefficients in (5.16) are
b=-9.82, ¢=14.55 and d =1, making this a type IIl bifurcation in the
Guckenheimer & Holmes (1986) classification. Again the steady state and the two
area eigensolutions are shown in figure 10 (b) and (c). The two frequencies in this case
(21.06 and 31.22) are much closer in magnitude than in the previous example, and
correspondingly the two eigensolutions bear a closer resemblance to one another.
(Note that they are not far from a strong 2 resonance, but not so close for this analysis
to be invalid.) From the bifurcation diagram in figure 10 (a) it is clear that the mode-
2 and mode-3 Hopf bifurcations are subcritical, and in this instance there is a wide
domain of parameter space near (¢,, ;) in which unstable quasi-periodic motion is
predicted. Thus, unfortunately, this third-order theory predicts none of the
behaviour that will be observed in practice in the neighbourhood of this bifurcation
point, as nothing can be said about the large-amplitude mode-2 and mode-3
oscillations that can be expected to exist for neighbouring parameter values.

6. Discussion
6.1. Fully attached flow

It was shown in §3.4 that when there is no energy loss in the collapsible tube, a
steady, linearly stable, solution with the tube collapsed along its length exists
provided the flow rate @ is sufficiently small. As @ increases beyond a critical value
@,, which depends on the downstream transmural pressure P, the longitudinal wall
tension and the tube length A, this steady solution vanishes and choking is inevitable.
For larger flow rates a steady, linearly stable dilated configuration exists. It is not
possible to associate the loss of steady behaviour with the flow speed at some point
in the tube exceeding the local wave speed, as was suggested by the experiments of
Brower & Scholten (1975), because the dispersive effect of longitudinal wall tension
means that there is no unique wave speed.

This analysis is consistent with the numerical computations reported in §4.1 of
I. With either a very small flow rate or large longitudinal tension, ensuring that
@ < @, in each case, a collapsed solution corresponding to a stable, ‘subcritical’ state
was obtained as the final steady state of an initial-value problem. Complete collapse
of the tube at some point along its length occurred at a larger flow rate (with
Q. < @ < @,). It thus appears essential to include dissipation within the tube for
oscillatory behaviour to oecur.

6.2. Separated flow

In §3.5 it was demonstrated that for a particular set of parameter values (A, k, x, 7,,
etc.) the steady, separated solutions which exist across (¢, P)-space are linearly
unstable to at least three different modes of oscillation. Each mode consists of small
perturbations of area, velocity and pressure with an integral number of half-
wavelengths along the length of the tube, and each has a frequency in a distinct
range. The domains of parameter space in which each mode is linearly unstable are
bounded by neutral curves: a set of such curves is shown in figure 5(a). The higher-
mode instabilities (with shorter wavelengths and higher frequencies) arise at larger
values of ¢ and P, when the tube has an increasingly narrow collapsed neck at its
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downstream end and is dilated upstream; an example of such a state is shown in
figure 9 (b). The narrowness of the neck may be estimated from figure 5 (b), where the
position of the separation point X, is shown as a function of ¢ and P. Roughly
speaking, as the ‘aspect ratio’ of the tube increases (the ratio A to A—X) the number
of unstable modes increases, just as occurs with Rayleigh-Bénard convection
experiments in a box of fixed height and increasing length. This ‘aspect ratio’
increases with A for fixed @ and P (see 1I), which is consistent with the observation
of Bertram et al. (1990a) that the number of unstable modes increases with increasing
tube length over a given (@, P)-range.

At any point in parameter space only a finite number of modes will be involved in
the fully nonlinear, unsteady behaviour of the tube, and the dynamics may then be
represented by a vector field on a low-dimensional centre manifold. The dimension
of this manifold increases with the ‘aspect ratio’ of the tube. At points where just one
mode becomes unstable (in the neighbourhood of a neutral curve) amplitude
equations were derived which approximate the motion in a two-dimensional phase
plane containing a stable or unstable limit cycle (§4). At the intersection points of
two neutral curves, where two modes become unstable simultaneously, the motion
on a four-dimensional centre manifold was represented with a set of coupled
amplitude equations (§5). In one instance it was possible to predict the existence of
stable, quasi-periodic motion on a 2-torus.

There are domains of parameter space in which three modes are simultaneously
unstable. One might expect that in such cases, provided the oscillations are not
strongly resonant, an essentially quasi-periodic motion would result, with the
frequency spectrum having a small number of distinct contributions at different
frequencies. In fact such three-frequency behaviour has only rarely been observed in
experiments on nonlinear physical systems (Swinney 1983). Instead, what generally
occurs is that as soon as a third mode becomes unstable, the frequency spectrum
develops a broad-band structure, indicating chaotic motion ; Swinney gives references
of experiments in which this transition to chaos has been observed. (Such a transition
sequence was first proposed by Ruelle & Takens (1971), and it draws upon a theorem
of Newhouse, Ruelle & Takens (1978) which says that a 3-torus, satisfying certain
technical conditions, is not structurally stable and can be perturbed to a strange
attractor.) Therefore, on the basis of previous experimental observations, the
tentative postulation can be made that chaotic behaviour can be expected across at
least some parts those regions of parameter space in which there is competition
between three unstable modes.

6.3. Comparison with experiment

Unfortunately, quantitative comparison between the present theory and experiment
is not yet possible. Of all the currently available studies, only Bertram et al. (19904a)
recorded all the relevant parameters, and even these results do not allow direct
comparison: first, constraints on the numerical method (see §3.2) did not allow the
use of dimensionless tube lengths A as large as the data demand; secondly, it was
shown in §5.3 of II that the model for steady flow (based on an approximation that
the tube walls behave like thin membranes) does not describe Bertram’s experiments
with thick-walled tubes with quantitative accuracy. In addition, there are a number
of regions of parameter space in which the model must be regarded as primarily
qualitative : at small flow rates (when the tube is collapsed along most of its length),
and also in the neighbourhood of @ = @, (when it is nearing a completely dilated
state), the pressure drop down the tube is significantly underestimated because of the
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Ficure 11. A typical experimental control space diagram from Bertram et al. (19906) (reproduced
with permission). In the experiments, 5, was held fixed and the behaviour at various values of
Pe— P, (denoted by crosses) was recorded as $, was increased. When the point was oscillatory, the
repetition frequency in Hz is given. Other operating point descriptions are: nf (noise-like
fluctuations), ¢ (collapsed tube, steady flow), o (open tube, steady flow). UN denotes unattainable
zones. Regions of oscillation are LD or LU (low), I (intermediate) and H (high frequency). The
parameter values used were (in Bertram’s notation) / = 34.2d, and R}.

neglect of friction (see II); and in those regions where the separation point is very
close to the downstream end of the collapsible segment, there are large variations in
a over short axial distances, and the long-wavelength approximation (see II) breaks
down. Despite these shortcomings, however, this model qualitatively describes many
of the significant experimental results.

The experiments of Bertram et al. (1990a) were performed on tubes of four
different lengths, and with each tube the behaviour was mapped out over (f,,
Pe— D,)-parameter space for three different values of the downstream resistance (a
tilde is used here to denote dimensional quantities). An example of their results is
presented in figure 11; this has been taken from Bertram et al. (19905). Note that
increasing P, has essentially the same effect as increasing Q (although this relatlonshlp
is nonlinear, with p, growing more rapidly with @ for larger values of Py, s
qualitative features of the (,, P) plane should be apparent on the (@, P) plane (e.g
figure 5a). Each vertical set of data points on figure 11 was measured by fixing the
upstream reservoir pressure ., and gradually increasing the chamber pressure ..
Following this procedure Bertram ef al. (19905) were unable to attain a wide range
of pressures and flow rates (the lower of the zones marked UN in figure 11), since the
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system would jump from an open state (denoted o in figure 11) along the bottom of
such regions (with P ~ 30 kPa, where the thick-walled tube is on the point of
collapse) to one with smaller §, larger P and the tube collapsed. A qualitative
description of this behaviour using the model for steady flow is provided in Appendix
A; it is a static bifurcation phenomenon, a form of cusp catastrophe. No such
phenomenon occurs for the parameter values used in figure 5(a).

The tube is stable and collapsed (operating points marked c in figure 11) at small
flow rates with P > 30 kPa. The width of the stable zone increases with P in figure
11, but is roughly constant for P > 10 in figure 5(a): to some extent this difference
can be accounted for by the nonlinear relationship between @ and f,.. A variety of
different oscillations with increasing frequency arise for increasing values of . and
P, most of which fall into one of three well-defined frequency ranges: low (3-6 Hz,
denoted by LU or LD in figure 11), intermediate (9-12 Hz, denoted by I) or high
(50-100 Hz, denoted by H). The three classes of oscillation can be identified with the
distinct modes predicted by the model; the relative sizes of the frequencies compare
favourably with those shown on figure 5(a). But, just as in II, accurate comparison
of parameter values is not possible: with a bending stiffness K, = 11.1 kPa, an
internal tube diameter D, = 13.3 mm and a longitudinal tension per unit perimeter

=742 Nm™, Bertram s parameters give a velocity scale ¢, =3.33ms™}, a
lengthscale L=94mm and so a timescale of 2.8 x107%s, making his observed
frequencies orders of magnitude smaller than those predicted by the model. The
scaling appropriate for thin-walled tubes is obviously not suitable for these
experiments.

The resistance of the downstream rigid tube damps the oscillations by taking
energy from pressure waves as they are reflected at x = A. Experimentally, the
regions of parameter space in which steady, collapsed flows exist decrease in size as
7, is decreased. Correspondingly, calculations with 9, = 0.1, and all other parameters
as used in figure 5(a), show that decreasing the downstream resistance causes the
tube to become unstable to a given mode of oscillation for lower values of @ and P:
the neutral curves are shifted mostly towards the @-axis in the (@, P)-plane. In the
process they suffer large but not qualitatively significant deformations, except that
the two branches of 7, = 0 form a closed loop at large P.

The low-frequency oscillations recorded by Bertram ef al. (1990¢, b) fall into two
classes, each of them highly nonlinear, large-amplitude oscillations: during an LU
oscillation the tube remains open for the majority of the period and suddenly
collapses and opens again; during the LD oscillation it remains closed throughout
most of the cycle. The former have elsewhere been referred to as ‘milking’ oscillations
(Bertram 1982), and involve substantial longitudinal motion of the narrowest point
of the tube, and thus considerable motion of the separation point. It was
demonstrated in this study that small-amplitude oscillations arise if it is assumed
that the separation point is coincident either with the point of greatest constriction
in the tube, or with the point at which the flow first experiences an axial deceleration,
and that the resulting behaviour is only very slightly different in the two cases. These
rather ad hoc assumptions, made for ease of analysis, may well have to be
reconsidered in the fully nonlinear regime. Future studies should in particular assess
the importance of hysteresis in the motion of the separation point, the condition
found in I to be necessary for the prediction of large-amplitude oscillations.

In addition to the oscillations with well-defined frequencies, Bertram et al.
(1990a, b) recorded a variety of other oscillations. Some of the ‘irregular’ oscillations
(not shown in figure 11) with a broad-band frequency spectrum may well be chaotic,
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and it remains to be determined if this behaviour ever arises (say) through the three-
frequency route to chaos referred to above. ‘Noisy’ oscillations of very high
frequency (marked nf in figure 11) occurred at moderate flow rates and high P, in
ranges of parameter space in which the tube was substantially collapsed at its
downstream end and flow velocities were therefore high. Bertram et al. (1990b)
suggested that these oscillations are due to turbulent fluctuations within the tube,
and if this is so it is not surprising that they cannot be predicted with this simple one-
dimensional model. Combinations of all the above types of oscillation were
widespread : either two modes with incommensurate frequencies gave rise to quasi-
periodic motion (an example of which was predicted in §5); or else their interaction
would be strongly resonant, like the ‘two-out-of-three’ oscillation described by
Bertram et al. (1990a). Finally, the regions marked LD/c and LD/nf in figure 11 are
regions of hysteresis, indicating that low-frequency oscillations arise subcritically
nearby ; this is consistent with the predictions of the model (figure 8a), since mode-2
oscillations develop subcritically in a comparable region of parameter space.
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Appendix A. Hysteresis of the steady solutions

The procedure followed by Bertram et al. (1990q, b) in their experiments was to
hold the upstream reservoir pressure p, fixed (see figure 1), and then slowly to
increase the external chamber pressure p,. For small p,, p, is sufficiently large for the
flow rate to be large and the tube to be completely dilated. Increasing p, causes the
downstream end of the tube to collapse, resulting in increased resistance to the flow
and a reduction in . Bertram ef al. (1990a, b) found that this transition from a
dilated to a collapsed state was not always continuous: for the range of parameter
space that was explored, for small p, the change might be smooth, while for larger
P, a substantial reduction in flow rate would occur as the tube abruptly collapsed,
causing a large increase in p,—p,. Subsequent reduction in p, would result in a
hysteretic return to an open state. Thus quite sizeable regions of parameter space
were ‘unattainable’ by this procedure; an example is shown as the lower of the
regions marked UN in figure 11. (Note that the lower boundary of this zone is the
value of p,—p, at which the ‘open to collapsed’ jump occurred with p, increasing,
whereas the upper boundary is the critical value of p,—p, at which the tube re-
opened with p, decreasing.) Although it was frequently found that the tube would
oscillate as soon as it had collapsed, it is confirmed here that this is a static
bifurcation of the steady solutions, as Bertram et al. (1990a) proposed. This
argument is analogous to the mechanism of ‘catastrophic collapse’ predicted by the
lumped-parameter model of Pedley (1980).

For fixed p,, p., %, and 7, there are two expressions for the pressure drop down the
tube, one equal to the pressure difference imposed by the external parts of the
apparatus

Pr—D =P~ (3+7,+7,) @ (A1)
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Fiaurke 12. (2) Equations (A 1) and (A 2) plotted on a graph of pressure drop against flow rate, in a
cage in which there are three intersections at @ = @,, v = 1,2, 3; the parameters used were 7, = 1,
7, =10, A=1, k=45, x =0.2, p. = 140 and p, = 120. (b) With p, fixed, p,—p, may increase
discontinuously as p, is increased, by an amount given by the two intersection points of the line
P, = constant with each closed curve shown (the horizontal axis closes each curve). Parameter
values used are A = 1, k =45, y = 0.2, 9, = 1 and 7, as marked.

(from (2.7) and (2.8)), and one corresponding to the energy dissipated through flow
separation, which may be written as

P1— D = F(Q; pe). (A 2)

This quantity may be calculated using the model for steady flow, so that ¥ = 0 if the
tube is dilated, for example, because of the neglect of frictional pressure losses.
Fixing p, and increasing p,, the flow rate corresponding to a given p, is determined
by the intersection of the parabola (A 1) (plotted on a graph of p, —p, vs. @) and the
family of curves (A 2) parameterized by p,. (Such curves were measured
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experimentally by Conrad 1969, for example, and comparisons of a similar family
with the model for steady flow — varying 75, rather than p, — were made in 11.) It is
found that if the downstream resistance is small, the intersection point of these
curves is unique as p, is increased, and the flow rate changes continuously as the tube
begins to collapse. However, for larger 7, there is a range of p, for which there are
three roots to (A 1) and (A 2), @,, @, and @, as illustrated on figure 12 (a). @, is never
attained by Bertram’s procedure: as p, is increased through some critical value, ¢,
and ¢, approach one another and then vanish (through a saddle-node bifurcation),
and so the flow rate jumps from ¢, to ¢,. Correspondingly the negative downstream
transmural pressure p,— p, increases from p, —7, @2 (this is commonly zero, with the
tube not yet collapsed) to p,—7, @? (some positive quantity, with the tube collapsed
at its downstream end). The value of @, at this bifurcation point can be calculated,
and hence the size of the zone that is ‘unattainable’ with p, increasing can be
deduced.

Examples of such zones are plotted in figure 12 (b) for », varying between 1.5 and
30,forA=1,9, =1,%k=45and y = 0.2. This hysteresis does not arise if y, = 1, the
value used in all the stability calculations, but the size of the zones increases rapidly
with 7,. Since quantitative comparison with Bertram’s experiments is not possible
(see §6.3), these are presented only to indicate that this model provides a qualitative
description of the observations.

Appendix B. The separation and jump-point discontinuities

The calculations necessary to evaluate the discontinuities in the eigensolutions at
the jump and separation points follow very similar lines, so the two cases will be
described together. To begin, each problem is expressed in a similar form. First,
discontinuities arise at the jump point from those inherent in the tube law (2.1};
continuity of pressure demands that gradients of & absorb the jump in the gradient
of P(a) at a = 1. Letting

v=1—a, (B1)

50 that v increases monotonically through 0 across the jump point Y, (2.2) may be
rewritten as
W = F0) Hv) +g(x), (B 2)

where g(x) represents functions which are continuous at the jump point, which may
be ignored in what follows, H(v) is the step function (H(v) = 0 if » < 0 and H(v) = 1
if v > 0), and

Fw)=(1—v)t—1—kv. (B 3)

Similarly, discontinuities arise owing to the change in the value of the parameter y
at the separation point X, which is assumed to be either X, at which «, =0, or X,
at which u, = 0. In the former case, for example, the momentum equation can be
written

Byzg = Gu) Hlay) +h(z) (B 4)
where A(x) is continuous across X and
Gu) = (x — 1) uu,,. (B 5)

%, v and a, are now expanded in powers of ¢ in the same manner as in (3.1), (3.2)
and (4.2), but using a simpler notation:

v(, 1) = vy(x) + v (X, 1) + 2oy, 1) + evy(x, 1) + O(e?). (B 6)
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Thus v,(x, t) represents 4%,,(x) e +|A|2,0(x) + ATy (x) 62, ete. F, @, and H may
be expanded according to (B 6) so that for example

F(v) = F(v,) + ev, F/(vy) + €X(v, F' (v4) + 30 F” (vy))
+ €0y F'(vg) + 0,0, F7(v,) + 03 F” (vy)) + O(e?).  (B7)

Equations (B 2) and (B 4) are both expanded using expressions such as (B 7) to
obtain equations for v;,, and a,,,,,7 = 0,3 at increasing powers of . Each of these is
of the form

Pize = fol@) H(vy) +f1(x) 8(vy) +f5(x) 8 (v,) + fo(x) 87 (v,) (B 8)

for some fj(x), j=0,3 where §(v) = H'(v) is the delta function. Now it may easily be
shown by integration by parts that

[%vizz]]g:t = fo()fo)

o wr o (S L(f)  L(L(f
kvl = (Uo:c Yoz (”o::)z+ Yoz (UOz (Uoz)z)z)Yn’ (B9

1 1
v (- -2,

and likewise with a,;, and X replacmg v, and ¥ respectlvely, so (B 9) can be used to
determine the dlscontlnultles in the derlvatlves of a;,1=1,3, at the jump and
separation points. The details of the algebra are omitted, and only the results that
are relevant to the analyses in §§4 and 5 are presented. For brevity’s sake time-
dependence will remain suppressed, so that J¢, represents Jg,, or J@,, etc. The
complete time-dependent expansions in particular cases are readily established from
the context in §§4 and 5. However, the terms that arise at third order that contribute
to the growth-rate term in the amplitude equation (4.18) will be introduced ; these
result from second-order perturbations of the steady state proportional to u,, and are
obtained simply by replacing v, by v,+x, %, ,, for example.
At the jump point, (3.13) is recovered at first order:

[ (d) oy —dtaza ] = 0. (B 10)
At second order, the only non-zero contributions to J¢, are

2

Yyt
[azz]y = (3—2k) 2“01:
15 o (B 11)
Ty 0 a
(2 (&) a, 2“2:z]y ’ vy El

a, and all its derivatives are discontinuous at Y, so in J@, we have

ay

5 3
Tyt
[aa]y = (3—2k) —- 63z, 1

Yot _ oy (ay + pa &y L) aja,,  aidy,) 156 of B
. - 1
L aZ] =(3-20) ( &oy 245, * 643, 2 6d,,’ (B 12)

. 105 o
Yot = Pa, (g + 4, a(],‘u) 3 6" )

[9/(&0) a _a31:z]
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One further quantity must be calculated at this order, the jump in u, at ¥,. This is
obtained from the O(e®) contribution to the mass conservation relation (3.3):

lwoy + (T ag+ &g Us)y = — (Uy Qg+ Up 0) g — po( Ty, 0 g, Uy),- (B 13)
Integration across ¥, gives . o
"20[“3]}7:_ + ‘io[ua]};:_ =0 (B 14)
as required.

Assuming that the separation point is the point of minimum area, the only
contribution to S¢, is

z Eir o at, .
[ 2()«4—1)(———0Z el gy — 5T um) : (B 15)
0zx 0zxz X

There are two non-zero terms in S¢,:

o 2 3

X+ Az~ PR )
a | =2v— =24, u X G, u
[ ax]Xo_ (x )(2 a2, 1z 333, 0 Ozz)X7

= 2
Xot __ X1z Xyzz X1z Eog) ~ o Qog Xz %yzz )
[a3zx]fn_ - (X_ 1) (( &3 T Ty U U2 +|= - Ug Uy (B 16)

0zx “ozz Xozz aozx

Xz o ~ Xz ~ Ay, s
- (uo Uyzz +uozz ul) += (ul ulz+u0 uZI) +2(X— 1):”’2 ~ UgUyz ) -
0zz 0rx X Qozz X

If the separation point is the point of maximum velocity, S¢, and S¢, are obtained
by replacing every a on the right-hand sides of (B 15) and (B 16) with .

Appendix C. The adjoint eigensolution

At a point (Q,, P,) of marginal stability, the linearized equations governing small-
amplitude perturbations ¢, = («,,u,)T are given by (4.5)—(4.9). This system of
equations is not self-adjoint, and it is necessary to calculate the adjoint eigensolution
explicitly. The inner product ¢-) is defined by

Y, > A
w6 s(f +L_ +L)wT¢dx, C1)

=<4, ¥, (C2)

where overbar denotes complex conjugate. Using (C 1) and integrating the first
equation in (4.5) by parts gives

(4%, L$> = (L'¢", >+ (R~ [RI;" ~[RI;*, (C3)
where the adjoint differential operator is

1,0, P’'(&,)0,—10 )
sz(?fo z ~0 xr 2VzxT , C4
dy0, @ 0,(x ) ©4

and R(¢',¢,) is a quadratic function which may be written as
= — &' (il oty + &g ;) — TP (&) 0y — 5152 + X Uy) —HWL 0y, +30L, 2y (C5)

We must choose boundary conditions and jump conditions for the adjoint
eigenproblem,

Bi¢* =Bl¢' =0, Jig'=S'¢'=0, (C 6)
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such that the terms in (C 3) involving R vanish. To determine the adjoint boundary
conditions, one writes

(Rl = X (By, B} si+By B} 50 (C7)
i=1,4
where B, = (B,,, By,)" from (4.7) etc., and then choosing By = u,(0), By, = —32,,(0),
B,; = —u,(A) and B,, = —3,.(A) it is easily shown that

B: = (O G )
1 —(iwyA; +27,Q,)
(C8)
Bt = (0 9, )
1 1 i‘l’jo/\2+(x+27]1)Qo '
together with B}, = @'(0),
B}, = Q,a'(0) + 2 (&) @'(0) — §a},(0), o
B}, = —a'(A), (©9)

B}, = —Q,a"(A)—P'(&,) a'(A) +1al(A)~

To determine whether ¢* has any discontinuities at the separation point (C 5) is
rewritten as

R = —a,[@, &'+ P’ (&) @ —§ul, ] —uy[&o & + ity ') — a,, [37}] + 2y,,(307]. (C 10)
Since a,, and a,,, are continuous across X,, @' and @}, must be chosen to be continuous
there also. Further, by integrating both equations in (C 4) across the separation
point, so that for example

JURPE SN
aoXo) (@157 + 0 Ko) [xa'lg T = 0, (C11)

it is clear that the first two square-bracketed quantltles in (C 10) vanish, and hence
&' and @, are discontinuous across the separation point with

X0+

@ = -0 RE &), LI = - e ®). (1)

0

Similarly, using (C 5) it is easﬂy shown that [R] ** vanishes provided &', @', @}, and
u}, are continuous across the jump point.
With this choice of boundary conditions and jump conditions, the adjoint solution

now satisfies
(9", Lg)> = (Li¢", ¢), (C13)

and L'¢" = iw, ¢'. It is straightforward to calculate ¢' using the method described in
§3.2.

Appendix D. Coeflicients in the amplitude equation
These are the expressions used in (4.19) and (5.12):

A
H,(¢'. 8, =f (@'a, +@tu,) de+ A, @huy |+ A, @00,y (D1

0
A A

H (%, ¢,;:n) =f at(@hu, +dha,), dx+f wt(x(@yu,), +(P" (&) Ha,),)dx
0 )

+{1+27,) 'y Wlo+ 29, whu, B,
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~ (D2)

Y,

Xy

a*
5.t 3 —+ %o
- (14 wa oy + (3—k) u;r: g al)

0z

e,

0rz

The nonlinear term in the amplitude equation comes from

A

Hz(JT,¢1’¢2) = f a({uy, g} +{ay, u,}), d

0

A
+J @ (x{ug, uply + (P (@) oy, 25} +52 " (@) [@1]),) dw

0

+(L+27,) @uy, ug}o + 27, @y, u},

N P

0z

15 [od
—_ 77; ((% ) ({al’ a2} [al’ alx] aozz [ 1]) L?l_])i

=3
Roz 243, ﬁam 24 &,

—(x—1)a} >
anx 3 01::1:

F(y—1)7 (uo Uozz ([“11: %zl —{ay,, “2x})

ao:z:z ao::

({u a } _ [alx’ Xizz ulz])
1z %2z

aozz

U
( [alz’ ulx]— = [a:;z]) N
XO

i
+-2

0rz

1 "
2 YTl (uo[a%z’ ulzz] + uozz[aiz’ ul])
01:1:

+~_1”([“1z= Uy, Ugz] + By, un})) . (D 3)
Qozz %,

The shorthand [u®] = [u, u, u], [#?, v] = |u,u,v] etc. has been used in (D 3). The

products {u, v} and {u,v,w] are given in the appropriate parts of the text: (4.21) or

(56.13) and (5.14). Equation (D 3) holds under the assumption that X = X ;if X = X,

every a in a term evaluated at X, should be replaced by a u.
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